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Abstract:We consider the various perturbations of self-dual warped AdS3 black hole and
obtain the exact expressions of quasinormal modes by imposing the vanishing Dirichlet
boundary condition at asymptotic infinity. It is expected that the quasinormal modes
agree with the poles of retarded Green’s functions of the dual CFT. Our results provide a
quantitative test of the warped AdS/CFT correspondence.
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1. Introduction
Topological massive gravity (TMG) is described by the theory of three dimensional Einstein
gravity with a gravitational Chern-Simons correction and the cosmological constant [1, 2].
The well-known spacelike warped AdS3 black hole [3] (previously obtained in [4]), which
is a vacuum solution of topological massive gravity, is conjectured to be dual to a two
dimensional conformal field theory (CFT) with non-zero left and right central charges [5].
Recently, a new class of solutions in three dimensional topological massive gravity
named as self-dual warped AdS3 black hole is proposed by Chen et al in [6]. The metric is
given by
ds2 =
1
ν2 + 3
[
− (x− x+) (x− x−) dτ2 +
1
(x− x+) (x− x−)
dx2
+
4ν2
ν2 + 3
(
αdθ +
1
2
(2x− x+ − x−) dτ
)2]
, (1.1)
where x+ and x− are the location of the outer and inner horizons respectively, and we have
set l = 1 for simplicity.
The self-dual warped AdS3 black hole, which is asymptotic to the warped AdS3 space-
time, is locally equivalent to spacelike warped AdS3 spacetime. This solution is of the
isometry group U(1)×SL(2, R). It is shown in [6] that, under the consistent boundary con-
dition, the U(1) isometry is enhanced to a Virasoro algebra with nonvanishing left central
charge, while the SL(2, R) isometry becomes trivial with the vanishing right central charge,
cL =
4ν
ν2 + 3
, cR = 0 . (1.2)
It is conjectured that the self-dual warped AdS3 black hole is dual to a two dimensional
chiral CFT, which suggests a novel example of warped AdS/CFT dual.
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The left and right temperatures of CFT can not be read directly from the coordinates
transformation of locally identification to warped AdS3 space. They can be defined with
respect to the Frolov-Thorne vacuum [7]. Considering the quantum field with eigenmodes
of the asymptotic energy ω and angular momentum k, and assuming that the left and right
charges nL, nR are k and ω, the corresponding Boltzmann factor in terms of these variables
is given by e
−
ω−kΩ
TH = e
−
nL
TL
−
nR
TR , where the left and right temperatures are defined by
TL =
α
2π
, TR =
x+ − x−
4π
. (1.3)
In this paper, we want to investigate another interesting aspect of the self-dual warped
AdS3 black hole inspired by the AdS/CFT corresponding. It is expected that the quasi-
normal modes exactly agree with the location of the poles of retarded Green’s functions
of the dual CFT. In an remarkable paper [8] (see also [9]), the quantitative agreement is
confirmed by the analytical calculations of quasinormal modes of various perturbations for
BTZ black hole. More recently, it is shown that the warped AdS3 black hole preserves the
same property as BTZ black hole [10, 11]. One can refer to [12, 13, 14, 15] for numerical
investigations about this aspect. We have studied the various perturbations of self-dual
warped AdS3 black hole and found that the wave equations can be exactly solved by the
hypergeometric function. This observation allows us to analytically calculate the quasinor-
mal modes for various perturbations. Comparing with the previously results reported in
[10], we show that the quasinormal modes are just of the forms predicted by dual CFT.
The results may provide a quantitative test of the warped AdS/CFT correspondence.
This paper is organized as follows. In the following three sections, we will calculate
the quasinormal modes of scalar, vector and spinor perturbations respectively and com-
pare them with the prediction of warped AdS/CFT dual. The last section is devoted to
conclusion and discussion.
2. Quasinormal modes of scalar field perturbation
In this section, we will calculate the quasinormal modes of scalar field perturbation in the
background of self-dual warped AdS3 black hole. Let us consider the scalar field Φ with the
mass m in the background of self-dual warped AdS3 black hole, where the wave equation
is given by the Klein-Gordon equation(
1√−g∂µ
(√−ggµν∂ν)−m2
)
Φ = 0 . (2.1)
Because the self-dual warped AdS3 black hole possesses two killing vectors ∂τ and ∂θ,
the scalar field wave function Φ(τ, x, θ) can be expanded in eigenmodes as following
Φ(τ, x, θ) = e−iωτ+ikθR(x) , (2.2)
where ω and k are the energy and angular momentum of scalar field, respectively. Sub-
stituting this expression for scalar field perturbation into the Klein-Gordon equation, one
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can get the radial wave equation
∂x ((x− x+)(x− x−)∂x) +
(
ω + x+−x−
2α
k
)2
(x− x+)(x+ − x−)
−
(
ω − x+−x−
2α
k
)2
(x− x
−
)(x+ − x−)

R(x)
+
(
3(ν2 − 1)
4ν2
k2
α2
− 1
ν2 + 3
m2
)
R(x) = 0 . (2.3)
This equation can be analytically solved by the hypergeometric function. By changing
the variable to
z =
x− x+
x− x
−
, (2.4)
the radial wave equation can be rewritten in the form of hypergeometric equation
z(1 − z)d
2R(z)
dz2
+ (1− z)dR(z)
dz
+
(
As
z
+Bs +
Cs
1− z
)
R(z) = 0 , (2.5)
where the parameters As, Bs and Cs are given by
As =
(
k
2α
+
ω
x+ − x−
)2
,
Bs = −
(
k
2α
− ω
x+ − x−
)2
,
Cs =
3(ν2 − 1)
4ν2
k2
α2
− 1
ν2 + 3
m2 . (2.6)
According to the definition, the quasinormal modes of black hole must be purely ingoing
at the horizon. So we are just interested in the solution with the ingoing boundary condition
at the horizon. The solution of radial wave equation with the ingoing boundary condition
is explicitly given by the hypergeometric function
R(z) = zαs(1− z)βsF (as, bs, cs, z) , (2.7)
where
αs = −i
√
As , βs =
1
2
−
√
1
4
− Cs , (2.8)
and
cs = 2αs + 1 ,
as = αs + βs + i
√
−Bs ,
bs = αs + βs − i
√
−Bs . (2.9)
Using the following transformation relation of hypergeometric function [16]
F (a, b, c; z) =
Γ(c)Γ(c − a− b)
Γ(c− a)Γ(c− b)F (a, b, a + b− c+ 1; 1 − z)
+(1− z)c−a−bΓ(c)Γ(a+ b− c)
Γ(a)Γ(b)
F (c− a, c− b, c− a− b+ 1; 1− z) , (2.10)
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one can find the leading asymptotic behaviour (z → 1) of the solution
R(z) ≃ zαs(1− z)βs Γ(cs)Γ(cs − as − bs)
Γ(cs − as)Γ(cs − bs)
. (2.11)
Next, in order to find the quasinormal modes, one has to impose the boundary con-
dition at asymptotic infinity. The condition that the flux vanishes at asymptotic infinity
is just a perfect one. In this paper, we will use the equivalent Dirichlet condition that the
field is vanishing at asymptotic infinity. By imposing the vanishing Dirichlet boundary
condition at infinity, one can find the following relation
cs − as = −n , or cs − bs = −n , (2.12)
which give the quasinormal modes of scalar perturbation
k = −i(2πTL)(n + hL) ,
ω = −i(2πTR)(n+ hR) , (2.13)
with the left and right conformal weights of the operator dual to scalar fields
hsL = h
s
R =
1
2
+
√
1
4
+
3(1 − ν2)
4ν2
k2
α2
+
1
ν2 + 3
m2 . (2.14)
One can see that these modes coincide with the poles in the retarded Green’s func-
tion obtained in [6]. So, for the scalar perturbation, our calculation indicates that the
quasinormal modes of self-dual warped black hole are exactly predicted by the dual CFT.
3. Quasinormal modes of vector field perturbation
In this section, we calculate the quasinormal modes of vector perturbation. We consider
the massive vector field described by the first order differential equation
ǫ
αβ
λ ∂αAβ = −mAλ . (3.1)
Assuming that the vector field takes the form
Aµ = e
−iωτ+ikθφµ(x) , (3.2)
one can derive the equations of motion
−mφx =
gττ√−g (ikφτ + iωφθ) , (3.3)
dφτ
dx
=
gxx√−g
[
(−ωk
m
+mgτθ)φτ − (
ω2
m
+mgττ )φθ
]
, (3.4)
dφθ
dx
=
gxx√−g
[
(
k2
m
+mgθθ)φτ − (−
ωk
m
+mgτθ)φθ
]
. (3.5)
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From Eq.(3.4) and (3.5), one can get the following wave equation for φθ after changing
the variables to z
z(1 − z)d
2φθ
dz2
+ (1− z)dφθ
dz
+
(
Aν
z
+Bν +
Cν
1− z
)
φθ = 0 , (3.6)
with
Aν =
(
k
2α
+
ω
x+ − x−
)2
,
Bν = −
(
k
2α
− ω
x+ − x−
)2
,
Cν =
3(ν2 − 1)
4ν2
k2
α2
− m
2 − 2mν
ν2 + 3
. (3.7)
The solution with the ingoing boundary condition at the horizon is given by
φθ = z
αν (1− z)βν+1F (aν + 1, bν + 1, cν , z) , (3.8)
where
αν = −i
√
Aν , βν = −
1
2
+
√
1
4
− Cν , (3.9)
and
cν = 2αν + 1 ,
aν = αν + βν + i
√
−Bν ,
bν = αν + βν − i
√
−Bν . (3.10)
From Eq.(3.5), one can find
φτ = A¯νφθ + B¯ν
φθ
1− z + C¯νz
dφθ
dz
, (3.11)
where
A¯ν = −
2m2ν2α(x+ − x−) + ωk(ν2 + 3)2
4m2ν2α2 + k2(ν2 + 3)2
,
B¯ν =
4m2ν2α(x+ − x−)
4m2ν2α2 + k2(ν2 + 3)2
,
C¯ν =
2mνα(ν2 + 3)(x+ − x−)
4m2ν2α2 + k2(ν2 + 3)2
. (3.12)
Using the facts [16]
azF (a+ 1, b + 1, c + 1, z) = cF (a, b + 1, c, z) − cF (a, b, c, z) , (3.13)
and
a(1− z)F (a+ 1, b, c, z) = (c− b)F (a, b− 1, c, z) − (c− a− b)F (a, b, c, z) , (3.14)
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the solution can be explicitly given by
φθ = aνz
αν (1− z)βν+1F (aν + 1, bν + 1, cν , z) ,
φt = z
αν (1− z)βν {[A¯ν + (αν + βν − bν)C¯ν] (cν − bν − 1)F (aν , bν , cν , z)
+
[
2βν(A¯ν + (αν + βν − bν)C¯ν) + aν(cν − aν − 1)
]
F (aν , bν + 1, cν , z)
+aν(B¯ν + βνC¯ν)F (aν + 1, bν + 1, cν , z)
}
. (3.15)
One can also find the leading asymptotic behaviour (z → 1) of the this solution
φθ ≃ zαν (1− z)−βν
Γ(cν)Γ(aν + bν − cν + 2)
Γ(aν)Γ(bν + 1)
,
φt ≃ zαν (1− z)−βν
{[
A¯ν + (αν + βν − bν)C¯ν
]
(cν − bν − 1)(1− z)
Γ(cν)Γ(aν + bν − cν)
Γ(aν)Γ(bν)
+
[
2βν(A¯ν + (αν + βν − bν)C¯ν) + aν(cν − aν − 1)
] Γ(cν)Γ(aν + bν − cν + 1)
Γ(aν)Γ(bν + 1)
+(B¯ν + βνC¯ν)(1 − z)−1
Γ(cν)Γ(aν + bν − cν + 2)
Γ(aν)Γ(bν + 1)
}
. (3.16)
By imposing the vanishing Dirichlet boundary condition at infinity, one can find the fol-
lowing relation
aν = −n , or bν + 1 = −n , (3.17)
which give the quasinormal modes of vector perturbation
k = −i(2πTL)(n + hνL) ,
ω = −i(2πTR)(n+ hνR) , (3.18)
with the left and right conformal weights of the operator dual to vector field
hνL = h
ν
R + 1 =
1
2
+
√
1
4
+
3(1− ν2)
4ν2
k2
α2
+
m2 − 2mν
ν2 + 3
. (3.19)
One can see that these modes are of the same form as the scalar case. But the conformal
weight of operator dual to vector perturbation is slightly different from that obtained in
[10]. However, one can also conclude that, for the vector perturbation, the quasinormal
modes are also predicted by the dual CFT.
4. Quasinormal modes of spinor field perturbation
In this section, we calculate the quasinormal modes of fermionic field perturbation in the
background of self-dual warped AdS3 black hole. We consider the spinor field Ψ with mass
m, which obeys the covariant Dirac equation
γaeµa
(
∂µ +
1
2
ωabµ Σab
)
Ψ+mΨ = 0 , (4.1)
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where ωabµ is the spin connection, which can be given in terms of the tetrad e
µ
a , Σab =
1
4
[γa, γb], and γ
0 = iσ2, γ1 = σ1, γ2 = σ3, where the matrices σk are the Pauli matrices.
According to the metric of self-dual warped black hole, the tetrad field can be selected
to be
e0 =
√
(x− x+)(x− x−)
ν2 + 3
dτ ,
e1 =
1√
ν2 + 3
√
(x− x+)(x− x−)
dx ,
e2 =
2να
ν2 + 3
dθ +
ν
ν2 + 3
[(x− x+) + (x− x−)] dτ . (4.2)
By employing the Cartan structure equation dea + ωab ∧ eb = 0, one can calculate the
spin connection directly. The nonvanishing components of the spin connection are listed
as follows
ω01τ =
3− ν2
2(ν2 + 3)
((x− x+) + (x− x−)) ,
ω12τ = −
ν√
ν2 + 3
√
(x− x+)(x− x−) ,
ω02x = −
ν√
ν2 + 3
1√
(x− x+)(x− x−)
,
ω01θ = −
2ν2α
ν2 + 3
. (4.3)
The inverse of the tetrad field is given by
e0 =
√
ν2 + 3
(x− x+)(x− x−)
(
∂
∂τ
− [(x− x+) + (x− x−)]
2α
∂
∂θ
)
,
e1 =
√
ν2 + 3
√
(x− x+)(x− x−)
∂
∂x
,
e2 =
ν2 + 3
2να
∂
∂θ
. (4.4)
Assuming that the spinor field takes the form Ψ = (ψ+(x), ψ−(x))e
−iωτ+ikθ and chang-
ing the variables to z, one can finally derive the following equations of motion after some
algebra
z
1
2 (1− z)dψ+
dz
+
[(
iω
x+ − x−
+
ik
2α
+
1
4
)
z−
1
2 +
(
− iω
x+ − x−
+
ik
2α
+
1
4
)
z
1
2
]
ψ+
+
(
− ik
√
ν2 + 3
2να
− ν
2
√
ν2 + 3
+
m√
ν2 + 3
)
ψ
−
= 0 ,
z
1
2 (1− z)dψ−
dz
+
[(
− iω
x+ − x−
− ik
2α
+
1
4
)
z−
1
2 +
(
iω
x+ − x−
− ik
2α
+
1
4
)
z
1
2
]
ψ
−
+
(
ik
√
ν2 + 3
2να
− ν
2
√
ν2 + 3
+
m√
ν2 + 3
)
ψ+ = 0 . (4.5)
– 7 –
The above equation can also be solved by the hypergeometric function. The solution with
the ingoing boundary condition is explicitly given by
ψ+ = cfz
αf+
1
2 (1− z)βfF (af , bf , cf , z) ,
ψ
−
= zαf+
1
2 (1− z)βf [cfF (af , bf , cf , z)− bf (1− z)F (af + 1, bf + 1, cf + 1, z)]
= (cf − bf )zαf+
1
2 (1− z)βfF (af + 1, bf , cf + 1, z) , (4.6)
where
αf = −i
(
ω
x+ − x−
+
k
2α
)
− 1
4
,
βf =
1
2
−
√
3(1− ν2)
4ν2
k2
α2
+
m− ν
2
ν2 + 3
,
γf = i
(
ω
x+ − x−
− k
2α
)
− 1
4
,
af = αf + βf + γf ,
bf = αf + βf − γf ,
cf = 2αf + 1 . (4.7)
One can also find the leading asymptotic behaviour (z → 1) of the this solution
ψ+ ≃ cfzαf+
1
2 (1− z)βf Γ(cf )Γ(cf − af − bf )
Γ(cf − af )Γ(cf − bf )
,
ψ
−
≃ zαf+ 12 (1− z)βf Γ(cf + 1)Γ(cf − af − bf )
Γ(cf − af )Γ(cf − bf )
. (4.8)
By imposing the vanishing Dirichlet boundary condition at infinity, one can find the fol-
lowing relation
cf − af = −n , cf − bf = −n , (4.9)
which give the quasinormal modes of spinor perturbation
k = −i(2πTL)(n + hfL) ,
ω = −i(2πTR)(n+ hfR) , (4.10)
with the left and right conformal weight of the operator in the dual CFT dual to spinor
fields
h
f
L = h
f
R −
1
2
=
√
3(1 − ν2)
4ν2
k2
α2
+
m− ν
2
ν2 + 3
. (4.11)
Again, for the spinor perturbation, the quasinormal modes are of the same form as
the scalar and vector cases. The conformal weight of operator in the dual CFT is also of
the same form as that obtained in [10]. It is shown that the quasinormal modes of spinor
perturbation are also exactly predicted by the dual CFT.
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5. Discussion
We have studied the scalar, vector and spinor field perturbations of self-dual warped AdS3
black hole and obtained the exact expressions of the corresponding quasinormal modes.
It is shown that the quasinormal modes of various perturbations are just of the forms
predicted by the dual CFT. The results may provide a quantitative test of the warped
AdS/CFT correspondence.
At last, let us make some comments on the gravitational perturbations in warped AdS
black hole background. TMG is an extension of three dimensional Einstein gravity with
propagating degrees of freedom. It is interesting to consider gravitational perturbation and
study the stability for black holes which is asymptotic to warped AdS3. The differential
equation of gravitational perturbation in TMG is generally third order, and is rather com-
plicated to solve. The perturbation equation in the background of warped AdS black hole
is given by
δRµν −
1
2
gµνδR+ 2hµν +
1
3ν
δCµν = 0 , (5.1)
where
δCµν = ǫ
αβ
µ ∇α
(
δRβν −
1
4
gβνδR −
1
4
Rhβν
)
−ǫ αλµ δΓβαν
(
Rλβ −
1
4
gλβR
)
+
(
hµγǫ
γαλ − 1
2
hǫ αλµ
)
∇α
(
Rλν −
1
4
gλνR
)
, (5.2)
and
δΓλαβ =
1
2
(
∇βhλα +∇αhλβ −∇λhαβ
)
,
δRµν =
1
2
(
∇λ∇µhλν +∇λ∇νhλµ −∇2hµν −∇µ∇νh
)
,
δR = ∇µ∇νhµν −∇2h . (5.3)
Generally, it is believed that the equations of motion can be simplified after fixing the
gauge conditions. This indeed happens in the case of BTZ black hole [17] and warped
AdS3 vacua [18]. For the case of black holes in warped AdS background, we do not know
how to fix the gauge conditions and simplify the equations of motion.
For BTZ black hole [17], which is asymptotic to AdS space, the equations of motion can
be split into the second order equation for massless graviton and the first order equation
for massive graviton. The quasinormal modes spectrum for gravitational perturbation can
be constructed from the chiral highest weight modes by using the SL(2, R)L×SL(2, R)R
symmetry of BTZ background. The extremal case have also been investigated in [19].
More recently, Chen et al in [20] have calculated the quasinormal modes of warped
AdS black holes for scalar, vector and tensor perturbations by using the algebraic method
developed in [17]. For the scalar and vector perturbations, our results for quasinormal
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modes are recovered. For the tensor perturbation, they considered the massive tensor
field in warped AdS black holes background satisfying the following first order equation of
motion
ǫ αβµ ∇αhβν +mhµν = 0 , (5.4)
and obtained the corresponding quasinormal modes. Their calculations depend on the
observation of hidden conformal symmetry of warped AdS black holes in [21, 22].
However, this formalism is hard to be generalized to calculate the gravitational pertur-
bation in warped AdS black hole background because of the U(1)L×SL(2, R)R symmetry
of the geometry of this class and the complexity of perturbation equation. So, for the
warped AdS black holes, in order to calculate the quasinormal modes of gravitational per-
turbations, the more general method should be employed. It is definitely a hard work for
future considerations.
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